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The strain conditions around statically loaded circular openings 
in rock-like materials and corresponding cavity-wall displacements 
were determined experimentally with resistance strain gages. The 
models were fabricated with lined and unlined openings simulating 
underground tunnels. 
Tests were performed with models of two different materials 
ii 
in plane stress and plane strain. Rock-like materials were designed 
and the strain gages were embedded at selected points within each model. 
The models often failed by tensile splitting through the opening 
early in the loading cycle causing the strains at certain points to 
deviate considerably from the theoretical values. Tangential strains 
on the vertical axis were usually tensile although most predicted 
values were compressive. The stress concentration around the opening 
was not always a critical factor in the structural failure of the model. 
iii 
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This study is part of an integrated Air Force program to 
determine the accuracy of current analytical techniques for predicting 
the static stress and strain distributions and failure mechanisms 
around lined and unlined circular tunnels in rock. The objective of 
this study is to evaluate the effects of long period impact loads 
around the openings in rock-like materials. 
1 
In the past several years, considerable effort has been expended 
investigating the nature of stress, strain and displacements near 
openings in an elastic media subjected to blast wave loading (Ref. 1). 
Early work in this area was to determine solutions for the time history 
of the state of stress in the vicinity of an unlined circular opening 
in a medium when an incident plane wave is propagated perpendicular 
to axis of the cylinder. Later studies investigated the placement of 
liners in contact with the opening and the consequent effect on stresses, 
strains and displacements in both the medium and liner. 
A major resulting conclusion was that the maximum stresses that 
occur in the liner and the medium due to the step pulse could be 
closely approximately by considering the loading to be applied 
statically (Ref. 2). This approximation has been used in the 
development of approximate hardness levels for underground defense 
installations. 
Stress distribution around openings in massive elastic rock have 
been studied using elastic theory. However, the deformation behavior 
of rock does not always approximate the idealized assumptions closely 
enough to utilize elastic behavior for predictions, particularly at 
high stress levels. The failure mechanics is further complicated by 
the low tensile strength of rock as compared to its compressive 
strength. To achieve the objective of this study, experimental 
evidence was required which shows how a rock-like material fails 
and distorts under sufficiently high loads. This information would 
then aid in achieving a more rational design of rock structural 
installations. 
The following major tasks were performed in this investigation. 
1) The plane theory of elasticity was reviewed to determine the 
strain distribution and the radial displacement around lined and 
unlined circular openings in plates loaded in plane stress and plane 
strain. 
2) High and low modulus materials were developed for the 
medium (simulating rock) and two liner materials were selected which 
were both more and less stiff than the surrounding medium. 
3) Tests of specimens were performed to determine all pertinent 
mechanical properties of both rock-like materials. 
4) Strain gages were embedded within the model to measure the 
desired strains at the locations shown in Figure 1-1. Gages were also 
bonded on the surface of the cavity for the same purpose and were 
employed to determine cavity-wall displacements. 
2 
5) Models were carefully prepared under controlled laboratory 
conditions. (Figure 1-1) 
3 
6) The loading apparatus was designed and constructed to produce 
a condition of plane strain and plane stress as shown in Figure 1-2. 
Two restraint conditions were employed: plane stress with rigid 
restraint in one lateral direction, and plane strain with rigid 
lateral restraint in two directions. 
7) Strains were recorded at all increments of loading and 
cavity diameter changes were determined with a cavity-wall displacement 
transducer. The vertical loads and the lateral restraining forces 
were increased until the models were severely crushed. 
The results presented in this thesis are only part of the total 
project which is reported in detail in the Air Force Report 
AFWL-TR-70-58 (Ref. 3). For brevity, results from models having thin 
liners and from geometrically similar models loaded centrifugally are 
not considered here. Also, strains and displacements in the 45 degree 
direction are not included here since these values are not as critical 
as those for the vertical and horizontal axes. 
4 
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24 
All Dimensions in Inches 
Figure 1-1. Geometry of Model and 
Positions of Embedded Strain Gages. 
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Figure 1-2. Loading Frame, Flane Stress. 
CHAPTER II 
ELASTIC THEORY OF STRESSES AROUl'ID OPENINGS 
It was desired to determine the stress and strain distributions 
around lined and unlined openings for rock-like materials. The 
equations were also required for radial displacemen~of the cavity-wall 
for plane stress and plane strain. It was assumed that the rock-like 
media and the liner materials were homogeneous, isotropic and linearly 
elastic. 
A. Unlined Circular Opening 
The stress distribution around an unlined circular hole in an 
infinite, homogeneous, isotropic and elastic plate is given by Obert 
and Duvall (Ref. 4). The stresses at any point for a two-dimensional 
stress field (Figure 2-1.) are given by the following expressions: 
where 
6.-= ;z { (l+k) [ 1- <:>2]- (1-k) [1+3 (:) 4 -4(:) 2] cos29} 
6e= ?: {(l+k) [1+<:>2]+(1-k) [1+3(:) 4] cos29] 
c .. =-? t(l-k) [1-3(~) 4 +2<:/)sin29 J 
~~= radial stress 
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Figure 2-1. Polar Coordinates for Stress Field 
in a Plate with a Small Hole. 
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C-ce= shearing stress 
k = ratio of s to s 
X y 
s y = vertical free field stress 
s X = horizontal free field stress 
a = radius of the hole 
r = distance from center of hole 
e = angle between X axis and r, positive COUnter-clockwise. 
Equations (1), (2) and (3) show that maximum compressive stress 
occurs at the edge of the hole on the x axis and is equal to three 
times the vertical applied stress (compression) if Sx = o. Also, under 
these conditions, the maximum tensile stress occurs at the boundary of 
the opening on the y axis and is equal to the applied stress. 
The equations for the stress distribution are exact in plane strain, 
but are approximate in plane stress. The approximation becomes better, 
however, as the thickness of the plate is decreased (Ref. 5). If the 
plate is rigidly restrained in the lateral direction, i.e., if 
Ex = 0 far from the opening, the values of k are 
k = "'if 
k = 
where 
~ = Poisson's ratio 
= 2-.s 1-~ y 
for plane stress, 
(Sz = 0) 
for plane strain, 
(€, = 0) 
S2 = stress in the z-direction (parallel to axis of hole) 
Ex.= longitudinal strain in the x-direction 
£,= longitudinal strain in the z-direction. 
(4) 
(5) 
The tangential stress for any point on the x axis can be found 
from equation (2) by setting 9= 0, i.e., 
7C Similarly, on the y axis where 9 = z:-, 
• 
Strains at a point can be determined from the corresponding 
stresses from Hooke's law. 
For plane stress 
E.e = i ( Ge -116',.) 
-u E.!.= E ( ~"t'+ Ei'e) 
and for plane strain 
where 
€'t= i [ (1-·l) G',.- )}(H·V) IOe] 
E.e= i [ (l-'11~)E;'&- U(l+))') '6"-c"] 
E =Young's modulus 
e.,. = radial strain 










Displacements are related to strains in polar coordinates as 
follow: 
where 
e,.= ;, u 
~r 
'(=1~+3!..!.- v 
16 r ae ar r 
u = radial displacement 




In the case of plane stress, the radial displacement at any point 
is obtained by integrating equation (13) with respect to r together 
with the appropriate boundary conditions to give 
At the boundary of the hole where r = a, the radial displacement 
becomes 
u = sy i[(l+k) - 2(1-k)cosze] (17) 
11 
Similarly, in the case of plane strain, 
a 4 ,~oz. a 2] l 
- (l+IJ) <-;> +4 (1- v ) <-;> cos2e ~ (18) 
and for r = a, 
u = sy ~(1-~~) [ (l+k) - 2(1-k)cos29] (19) 
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B. Lined Circular Opening 
The stress distribution around a lined circular opening in an 
elastic plate loaded in plane strain is given by HHeg (Ref. 6). 
Stresses far away from the opening, i.e., as r~oa in equations (1), (2) 
and (3), are of the form 
E>"' = ? [ (l+k) - (l-k)cos29] 
E:ie= ? [ (l+k) + (l-k)cos29] 





If the cylindrical liner and the surrounding medium is presumed 
to contact perfectly at the interface, the radial displacement of the 
medium must equal the radial displacement of the liner, that is 
where 
u = radial displacement of liner 
R = outside radius of liner 
w = radial displacement of cylinder wall. 
(23) 
HBeg considered the cases of free slippage and no slippage in the 
tangential direction at the interface. Only the case of no slippage 
will be considered here since it is more applicable to the problem at 
hand. For this situation the following relation applies, 
for r = R (24) 
where 
vm = tangential displacement of medium 
v1 = tangential displacement of liner. 
The differential equations for radial and tangential displacemen~in 
term of stresses for the case of plane strain may be expressed as 
3...!:! = ! (1- v ) [<1- )j ) E;"~- ~ s-e] 
-a r M 1-2 '\J 
where 
M = modulus of medium = (l- "''l )E 
(l+"U) (1-2 '\} ) 
~ = Poisson's ratio of medium. 
The corresponding equations for the cylindrical liner are 
where 
E1 = Young's modulus of liner 
~~ = Poisson's ratio of liner 
t = liner thickness 





The resulting distribution of stresses and deformations depends on the 
relative stiffness of medium and liner. To simplify the analysis, two 
13 
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stiffness ratiooare defined as follows (Ref. 7): 
c 1 M (2 9) 2 (1- ~ ) 
F = {1-2 \J l M (!?.)3 (30) 4{1-)}) Ea: t 
1 --v; 
where 
c = compressiblity ratio 
F = flexibility ratio 
D = outside diameter of liner. 
The parameter C, defined for uniform radial pressure, is the 
compressibility of the structural liner relative to that of a solid 
rock cylinder. The nondimensional ratio F relates the flexibility of 
the structural liner to the compressibility of a solid rock cylinder. 
A high value of F means that the liner has a low value of bending 
stiffness. 
For the given boundary conditions, the stress distributions are 
as follows: 
6''("= ?- { (l+k) [1-a1 (;) 2]- (1-k) [ 1-3a2 (;) 4 -4a3 (;) 2] cos2 a ] (31) 
Sa= ~ 1 (l+k) [l+a1 <;> 2]+(1-k) [1-3a2(;) 4} cos29 1 (32) 2 
1"'{6= ~ 1 [ R 4 R 2] . J (33) 2 (1-k) 1+3a2 <r> +2a3 <r> s1n2e 
15 
The radial displacement is expressed by 
(34) 
The tangential stress along the x axis can be expressed from 
equation (32) by substituting 9 = 0, 
(35) 
Similarly, along the y axis e = ~ so that 
(36) 
Equation (35) and (36) are exact in plane strain and give accurate 
approximations for a thin plate in plane stress. 
For the case of no slippage at the interface, the constants a 1 , 
a 2 and a 3 can be shown to be 
al = (1-2 "lJ) (C-1) 
(1-2 )} )C + 1 
a2 = [(3-2 1) )+(1-2 )S )C]F + (5/2 -8"'\T +6'\1~)c + 6 -8"\T 
= [1+(1-2 1) )C) F - ] (1-2"\T )C -2 




In the case of unlined circular openings, the compressiblity and 
flexibility coefficients, C and F, become infinite since either the 
liner thickness or Young's modulus of the liner approach zero in 
equations (29) and (30). The constants a 1 , a2 and a 3 then become 
1, -1 and 1, respectively, in equations (37), (38) and (39). 
16 
VJith these results, the equations for stref:ses and displacements 
around unlined openings in plane strain (equations 1, 2, 3 and 18) 
can be obtained from equations (31) through (34) by substituting 
1~ -1 and 1 for the respective values of a1 , a 2 and a3 • By analogy 
then, the radial displacement for a lined opening in plane stress may 
be obtained from equation (16) by inserting a 1 , a 2 and a 3 in the proper 
terms, i.e., a= R, and 
u = ?- ~ { (l+k) [(1- \l )+a1 (1+ "IT ) (~) 2)- (1-k) [ (1 +"IT ) 
+a2 (1+ \l ><!> 4 +4a3 (~) 2] cos2 a 1 . (40) 
A. Material Properties 
CHAPTER III 
EXPERIMENTAL PROCEDURE 
1. Rock-like Materials 
17 
An initial problem was to develop two different materials which 
simulate rock. A series of tests was performed on different mixes 
to obtain two rock-like materials. The final proportions were as 
shown on Table 3-1. 
The low modulus solid, called plaster material, was adapted from 
a model mixture developed by Rosenblad (Ref. 8). He performed a 
series of tests to determine its strength and deformation character-
istics. For this project slightly more water was added to Rosenblad's 
proportions to make the wet mix more workable for casting. 
The high modulus solid, called Portland cement material, was 
developed to give a higher modulus than the plaster material. A 
series of tests was run on mixes with different proportions of Portland 
cement, sand and water until the desired modulus and workablity were 
obtained. Type III Portland cement was employed in the high modulus 
mixture since short curing times of models were required. The Type 
III cement achieves a strength in seven days roughly equivalent to the 
28-day strength of standard cement, Type I (Ref. 9). Since the 
properties of the Type III cement vary somewhat with time, all 
property and model tests with this material were performed seven 





Proportion Plaster Portland Cement Material Material 
Hydrocal B-11 * 12 % 
Portland Cement (Type III) ** 
Sand (Fine Grade) *** 70 % 
Water 18 % 
* Manufactured by u. S. Gypsum Co. 
** Manufactured by Alpha Portland Cement Co., 
St. Louis, Mo. 







2. Mechanical Properties Tests 
The following tests were performed to determine the mechanical 
properties of the plaster and Portland cement materials: 
a. Uniaxial compressive strength 
b. Young's modulus and Poisson's ratio in compression 
c. Brazilian tensile strength 
d. Direct tensile strength 
e. Modulus of rupture 
f. Triaxial compressive strength. 
Results of these tests are tabulated in Appendix A and the average 
values are summarized in Table 3-2. 
All of the above test specimens were cast in forms made from 2 in. 
diameter plastic tubes. In order to consolidate the mix and to 
eliminate air bubbles the tubes were vibrated the first five minutes 
after casting. The end portions of the cast cylinders were discarded 
since they had different properties caused by segregation of the mix. 
The strain gages used in these tests were the same type as were used 
in the model tests, Tokyo Sokki Kenkyujo Company Polyester type gages 
with a 5 mm gage length. Eastman 910 adhesive was used as the 
cementing agent. 
3. Liners 
Two different kinds of liners were employed for models made from 
the plaster material. Cast acrylic resin tubes were used as low 
modulus liners, while the previously mentioned Portland cement mixture 
was used as the high modulus liner material. 
20 
Table 3-2 
PROPERTIES OF SIMULATED ROCK MATERIALS 
Properties Plaster Portland Cement Material Material 
Compressive Strength, psi 474 5552 
Direct Tensile Strength, psi 86.5 92 
Brazilian Tensile Strength, psi 57.6 242 
Modulus of Rupture, psi 213 446 
Young's Modulus in Compr., psi 1.56xl0 6 3.0lxl0 6 
Poisson's Ratio 0.22 0.22 
The acrylic resin liners were 2 in. in length and were obtained 
from the Kaufman Glass Company, Wilmington, Delaware. The 
pertinent properties for this material are listed in Table 3-3. 
21 
Table 3-3 
MECHANICAL PROPERTIES OF CAST ACRYLIC RESIN 
(Taken from Bulletin 229, Plastics 
Dept., Rohn & Haas Co.) 
Young's modulus in tension & compr.,(l06psi) 0.45 
Poisson's ratio * 0.40 
Compressive strength,yield,(psi) 18,000 
Tensile strength,rupture,{psi) 10,500 
Flexual strength, rupture,(psi) 16,000 
Shear strenth,(psi) 9,000 
Specific gravity 1.19 
* Values for Lucite(Acrylic Resin) taken from 
American Institute of Physics Handbook, 2nd Ed., 
McGraw-Hill,pp. 3-88, 1963. 
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B. Model Preparation 
1. Geometry of Models 
The models were 24 in. by 24 in. by 2 in. thick with a 4 in. 
diameter circular hole as shown in Figure 3-1 for both the plane 
stress and plane strain tests. In the lined cavity models the inside 
diameter of the liner was 4 in. and the liner thicknesses were either 
0.2 or 0.5 in. Only the results from the thick-liner tests are 
considered here. 
Radial and tangential strains were measured at radial distances 
: = 2 and 3\ along radii oriented at o•, 45•, 90• and -45• from the 
horizontal. Strain gages were embedded within the model and 
identified as shown in Figure 3-1. For convenience, Gages 1 through 
16 were numbered so that odd numbers represent tangential strains and 
even numbers refer to radial strains. 
23 
Gages 17 through 20 measured the free field strainsfar from the 
opening. Gages 21 through 26 were mounted on the cavity-wall and 
measured the tangential and z- direction strains on the cavity surface. 
Gages 27 through 30 determined the cavity-wall displacements sensed by 
the four-direction cavity-wall displacement transducer. 
2. Strain Gage Attachment and Embedment 
An important problem in this research was the technique of 












10 X 20 
+ 
Figure 3-1. Identifying Number System for Strain Gages 
and Cavity-wall Displacement Measurements. 
24 
_.X 
Precast prisms of dimension 1 in. by 1 in. by 5 in. long were cast 
and strain gages attached as shown in Figure 3-2. 
The strain gages were polyester type P gages manufactured by 
Tokyo Sokki Kenkyujo Company, Limited, Japan. The single-element 
25 
gages are denoted as PL-5, the two-element rosettes as PC-5 and the 
three-element rosettes as PR-5. The surfaces of precast prisms were 
cleaned with SR-4 solvent and the strain gages were applied with East-
man 910 cement. Number 26 insulated wires were connected to the strain 
gages through small copper terminal strips attached near the gages. 
The strains from embedded gages were compared with strains on the 
surface of simple cylindrical compression test specimens 2 in. in 
diameter and 4 in. long. The results shown in Appendix B indicate 
that the average of the two outside gages compares with the inside 
gage. This method was then employed throughout the remainder of the 
program. 
3. Model casting 
The l-in. square precast prisms were set in the casting form 
before the model was cast as shown in Figure 3-2. The prisms were 
held in place with the lead wires to the strain gages so that the 
gages would be in the desired positions. 
The forms for the models were vibrated to consolidate the mix 
and to eliminate air bubbles during the first 5 minutes of casting. 
The model casting form was extended an extra 2 in. in height since 
the vibration caused some of water and cementing materials to rise 






~ 4 in. Channels 
,--------
/ Strain 




Strain Gage Wires Pass through 
Holes in Bearing Plate 
Figure 3-2. Casting Form with Precast Prisms 
in Place. 
to the surface. Immediately after the vibrator was stopped the upper 
2 in. of the mix was discarded and the top surface was smoothed off 
flat. 
The curing procedure for plaster material models was to remove 
27 
the casting form after two or three days and to allow the models to 
dry at room temperature in the laboratory until they were tested. The 
forms on the Portland cement models were removed after one day and the 
surfaces were kept moist for one additional day. They were then 
allowed to air dry until the seventh day when the tests were performed. 
c. Testing Equipment 
1. Loading Apparatus 
A Soiltest 400,000 lb. capacity CT-980 compression testing 
machine was used to produce the vertical load on the model. 
(Figure 3-3.) 
For the plane stress tests, four hydraulic actuators were 
employed to provide the restraint forces in the x-direction. These 
actuators were attached to !-beam bearing members as shown in 
Figure 3-4. The actuators were Enerpac Model 22-091, each having an 
effective cross-sectional area 1.08 in.2 The upper two actuators 
were connected in parallel to one hydraulic hand pump while the lower 
two were connected to another pump. 
Restraint was also required in the z-direction in the plane 
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strain tests. Hydraulic cylinders, 100,000 lb. capacity, on the 
opposite sides of the model were used for this purpose. In order to 
produce uniform restraint over the model surfaces steel bearing plates 
24 in. by 24 in. by 1~ in. thick were placed on the both sides of model. 
The loads from the hydraulic cylinders were distributed over the bearing 
plates by short sections of round mechanical tubing as shown in 
Figure 3-5. 
2. Cavity-wall Displacement Transducer 
Radial displacements of the cavity-wall were required in four 
directions, o•, 45•, go• and -45•, from the horizontal, as well as the 
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Figure 3-3. Loading Apparatus 
for Plane Strain Test. 
Figure 3-4. Equipment and Model 
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Figure 3-5. Top View of z-direction Loading Apparatus. 
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strains within the model. A cavity-wall displacement transducer was 
designed and constructed as shown in Figure 3-6. Resistance strain 
gages were attached to eight small cantilever beams attached to an 
octagon-shaped base so that deflection could be measured in terms of 
strain. The strain gages on opposite beams were connected into the 
same bridge circuit so that average radial displacements could be 
determined in each of the four directions. 
3. Monitors of Relative Motions of Restraints 
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In order to monitor the lateral expansion of the models in the 
x-direction when the vertical load was applied, four cantilever beam-
type transducers were employed which were attached to the I-beam 
bearing members. One of these is shown near the top of the model in 
Figure 3-4. As in the cavity-wall displacement transducer, displacement 
of the end of a cantilever beam causes a change in strain at the strain 
gage location. 
It was also necessary to monitor the expansion of model in the 
z-direction in the plane strain tests, as the vertical load was applied. 
U-shaped transducers (Figure 3-7.), again employing resistance strain 
gages, were used for this purpose. These were placed through the hole 
in the model and were seated on the two opposite bearing plates. Any 
lateral expansion could then be monitored. 
4. Strain Readout Equipment 
The outputs from the 26 strain gages and 4 channels of the 
cavity-wall displacement transducer were recorded with an Automation 
All Dimensions in Inches 
8-32 Screw-
~ in. Long 
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Figure 3-6. Cavity-wall Displacement Transducer. 
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Figure 3-7. U-shaped Transducers for Monitoring Relative Motion of z-direction Restraints. 
Industries, Incorporated, Model P-350 digital strain indicator and 
three Model SB-1 switch and balance units. The alumimum screen box 
shown in the right foreground in Figure 3-8 shielded these units 
against FM radio frequency interference from a nearby broadcasting 
station. 
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The outputs from the transducers for x- and z-direction restraints 
were monitored on a Hathaway Model RS-20C combination strain indicator, 
switch and balance unit. 
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Figure 3-8. Overall View of Plane Strain Test Equipment. 
D. Testing Procedure 
The testing procedure outlined below was found to give the best 
results and was followed on all of the model tests. 
1. Plane Stress Test 
a) After placing the model in the loading apparatus, 52 wires 
from the 13 two-element strain gages were connected to the strain 
readout indicator. 
b) The cavity-wall displacement transducer was placed inside 
the cavity and the screws adjusted to press firmly against the wall. 
c) The hydraulic load in the x-direction was increased with a 
hand pump until the horizontal free field stress was 18 psi. This 
seating stress was necessary to eliminate the effects of shifting 
between the loading frames and the model as the initial load 
increment was applied. 
d) An initial vertical load was applied to the model to give a 
vertical seating stress of 18 psi. 
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e) After the seating loads had been applied, all of the channels 
of the strain indicator were balanced and their initial values recorded. 
f) The strain indicator monitoring the relative motion of the 
x-direction restraints was balanced to null. The model and equipment 
were then ready for testing. 
g) The vertical load was increased 100 psi for the plaster models 
and 500 psi for the Portland cement models. 
h) The outputs monitored on the strain indicator for the 
restraints in the x-direction were brought back to their initial null 
position by increasing the lateral restraining forces. 
i) The strain readings from the gages in the model and the 
cavity-wall displacements were then recorded. 
j) Steps g., h. and i. were repeated until the model failed. 
2. Plane Strain Test 
The above plane stress testing procedure was followed in the 
plane strain test, but with the following additional steps. 
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a) A scab of the plaster was cast on the top surface of the model 
before testing to improve the contact conditions with the steel bearing 
plate. 
b) A layer of teflon sheet was placed between each bearing plate 
and the model to reduce frictional forces on the model as it deformed 
vertically. This procedure was also employed in the plane stress test, 
i.e., between the model and the x-direction restraining members. 
c) The strain gage lead wires were brought out through a 1/8 in. 
diameter holesin the lefthand bearing plate. 
d) Two U-shaped transducers were placed through the cavity as 
shown in Figure 3-7 for monitoring deformation of the model in the 
z-direction. 
e) The restraining forces in the z-direction were adjusted and 
controlled in the same manner as were those in the x-direction in the 
plane stress tests. 
CHAPTER IV 
RESULTS AND DISCUSSION 
The primary purpose of this research was to determine the stress 
and strain distribution and the failure history around a circular 
tunnel in isotropic and homogeneous rock-like materials. Lined and 
unlined models were tested in both plane stress and plane strain. 
Tests were performed with liners that have a lower modulus than the 
model material, and with those that have a higher modulus. For the 
purpose of discussion the tests were treated in the order of the 
test numbers shown in Table 4-1, with each model being tested in 
duplicate. 
As shown by the theoretical elastic equations for stresses around 
unlined and lined circular holes in plate, if the distance from center 
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of hole (r) is constant, the tangential stress is highest on the y axis 
and least on the x axis. Since these values are the most critical, only 
the values along the x and y axes were considered here. The corresponding 
gage numbers were 1, 15 and 21 in the y axis, and 5, 11 and 25 in the 
x axis. {See Figure 3-1.) 
It may be shown that tangential stress, ~~ , and the radial stress, 
5~, at a given radius in the 45• direction from x and y axes are one-
half of the sum of those on the x and y axes. In order to verify this 
result, strain data was obtained from several locations along the 
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The restraint conditions on the model were also monitored by 
measuring the free field strains at Gages 17 through 20. Gage 17 
indicated the horizontal strain far from the opening and should 
theoretically read zero. Gages 18 and 20 gave the vertical strain 
in the free field which could be compared to computed values from 
the equations. 
_1-'\l'l.s 
€y - 2E y and 
for plane stress 
E 
y 
1 (1- "17 -2 ,.1. 
= 'E 1 -Lr > 8y 
for plane strain. 
Gage 19 was oriented at a 45 degree angle to the horizontal and should 
give a reading of one-half the values indicated by Gage 18 and by 
Gage 20. 
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The radial displacements of the cavity-wall were determined in the 
vertical direction by means of Gage 27, in the horizontal direction 
with Gage 29, and in the 45 degree direction with Gages 28 and 30. 
Only the vertical and horizontal displacements of cavity-wall were 
discussed here as these values are the most critical. 
All of the strain and displacement data were tabulated in the Air 
Force Report (Ref. 3). However, only the values for the gage positions 
considered in this thesis are listed in Appendix C. The displacement 
data are calculated values after the respective calibration factors 
and gage factor corrections have been applied. Graphs were drmvn 
(Appendix D) showing the experimental points and the corresponding 
theoretical curves. The final failure patterns of the models were 
sketched in Appendix E. 
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The following discussion is based on an analysis of the experimental 
data in Appendices C, D and E. 
The experimental strains varied linearly with load in most cases, 
often with much deviation from theoretical values, especially along the 
vertical axis of the model. For example. Gage 21, which measured the 
tangential strain at the bottom on the opening, recorded tensile strain 
in all models, but according to theory the strain at this point is 
compressive in Tests No. 3, 5 and 6. Tensile failure obviously 
occurred at this point (Gage 21) before the complete failure of the 
model. These local failures were not always the critical factors in 
the structural failure of the model. 
Elastic theory predicts compressive strains for Gages 1 and 15, 
tangential gages located along the vertical axis of the model, but 
tensile strains were recorded in most models. In some models, there 
was a marked shift from tension to compression in the later increments 
of load. These abrupt changes might have been due to local failure at 
that point. 
The tangential gages on the horizontal axis of the model, Gages 25, 
5 and 11, registered compressive strains which corresponded fairly well 
with the predicted values. Gage 25, on the side of the opening, 
registered strains twice the theoretical values in a few models. Some 
gages showed irregular strain changes, perhaps due to poor bonding of 
the gage to the medium or a localized failure near the gage. 
The measured displacements of the cavity-wall were usually two or 
three times the predicted values. It should be noted that, for the 
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lined cavity models, strains and cavity-wall displacements were measured 
on the inside of the liner while the theoretical values are computed 
at the rock-liner interface. The variation in strain and displacement 
across the thickness of liner can be neglected if the liner is relatively 
thin. 
The restraint force in the x-direction for both plane stress and 
plane strain test prevented the model from deforming laterally as the 
vertical loading was applied. The restraint stresses are average values 
calculated from the total force acting on the surface and the bearing 
area. Although the x-direction restraint stress on the faces varied 
approximately linearly with vertical load, the magnitudes were lower 
than the theoretical values in most tests. Also, theoretically the 
restraint stresses in the x- and z-direction in the plane strain should 
be nearly equal, but the experimental data indicated otherwise; the 
average stress in the z-direction was always lower than that in the 
x-direction. This difference was probably due to non-uniform contact 
between the bearing plates and the model even though extreme care was 
taken to assure uniform bearing conditions. 
There were two typical types of fractures in both the plane stress 
and plane strain models as shown in Figure 4-1. One was a fracture 
along the vertical axis through the cavity from top to bottom of the 



















Figure 4-1. Typical Fracture Patterns. 
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off-center in some cases. The fracture was caused by tensile stresses 
acting in the x-direction. The other predominant fracture was horizontal 
across the model and often inclined approximately 45 degree with the 
face of the model. This fracture usually either passed through the 
opening or occurred above it. The horizontal fractures were caused by 
compressive and shear failure of the material. A few models also failed 
in the radial direction at 45 degree from the x axis due to the high 
shearing stresses in these regions. 
It appeared that the stress concentration around the cavity was 
not always a critical factor in the model failure since the horizontal 
shear failures did not always pass through the cavity where the highest 
shear stresses supposedly occurred. The shear fracture on the plane 
stress model is caused by maximum shear stress on the 45 degree plane 
parallel to the x axis while that on the plane strain model in theory 
occurred on the 45 degree planes parallel to either the x ~r z axes. 
Experimentally the failure did not occur on planes parallel to the z 
axis probably because of less than ideal restraint in the z-direction. 
The shear strength of the model materials were estimated from Mohr's 
failure envelope (Appendix A) to be approximately 105 psi for plaster 
material and 240 psi for Portland cement material. 
It was expected that tensile failure at the top and bottom of the 
cavity-wall and compressive failures at the sides of the cavity-wall 
would be the first to develop because of stress concentration at these 
points. The theoretical compressive and tensile stress concentration 
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factors were computed from equations (6) and (7) for the unlined 
models, and equations (35) and (36) for the lined models and are 
summarized in Table 4-2 for both plane stress and plane strain 
conditions. The highest stress concentration factors in both 
compression and tension occur in the unlined plane-stress models. It 
is seen that there are no tangential tensile stresses at the cavity-wall 
for the high modulus liners in both plane stress and plane strain, and 
for the low modulus liner in plane strain, corresponding to Tests 
No. 3, 6 and 5 respectively. 
Since the plaster material had a direct tensile strength of 
86.5 psi, theoretically it should have failed between the second and 
third increments of loading in Test No. 1 (unlined plaster material). 
However, Model 1 ultimately failed in horizontal shear through the 
opening, when the vertical free field stress (Sy) reached 675 psi. 
This latter stress exceeded the unconfined compressive strength of 
474 psi, neglecting the effects of stress concentrations at the cavity-
wall. Model 2 failed in horizontal shear below the opening at S = 397 y 
psi. The lower failure stress may have been due to non-uniform loading 
conditions or a weakness in this region of the model. 
Both of the low-modulus lined plaster models failed by tensile 
splitting even though in theory only a small region above and below 
the opening experienced tensile stresses and strains. Although no 
theoretical tensile stress in the other cases (Tests No. 3, 5 and 6) 
occurs at any point in models, a few models nevertheless failed by 
vertical splitting. Some tensile stress may have existed on the vertical 
axis, however, if the restraints had not been ideally rigid. 
Table 4-2 
STRESS CONCENTRATION FACTORS 
FOR 
VARIOUS MODEL GEOMETRIES EMPLOYED 
Model Geometry Top & Bottom 
Plane Stress 
Unlined +0.34 
Low-modulus lined +0.16 
High-modulus lined -0.15 
Plane Strain 
Unlined +0.15 
Low-modulus lined -0.003 
High-modulus lined -0.26 
Values listed are tangential stresses at cavity wall 










Since the direct tensile strength of the plaster material was 
86.5 psi, the tensile strain at failure would be 86.5/(1.56xlo6) = 
55.4 JLin/in. at the bottom of the opening (Gage 21). Testing showed 
that all experimental strains at this point exceeded this value 
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prior to failure in the unlined plaster models. The largest value 
measured at this point was 353 ~in/in. in plane strain (Model 7) when 
the vertical free field load was 315 psi. The smallest value was 
190 ~in/in. in plane stress (Model 1) for a vertical load of 630 psi. 
In the case of compressive strain at the sides of the opening 
(Gage 25), the maximum strain should be -474/(1.56xl06) = -320 pin/in. 
However a value as high as -2846~ in/in. in plane strain 
(~wdel 7) was observed when the vertical load was only 210 psi, which 
was half of the failure load, and -1071 ~in/in. in plane strain 
(Model 8) was observed just prior to failure when the vertical load 
was 525 psi. It was seen that the theoretical limiting tensile and 
compressive strains were approached in the first or second increments 
of loading. The model, however, did not visibly fail at this time. 
As shown in Table 4-3, the value of S at failure for lined and y 
unlined models in both plane stress and plane strain was not much 
affected by the type of liner employed. The difference in failure 
stress for two similar models was often high. This difference 
indicated either that the strength of the material varied from model 
to model or that the loading was not ideal in some cases and caused 
early failure. A variation in strength was indicated, for example, by 
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Table 4-3 
Sill1MARY OF MAXIMUM LOADS 
AT FAILURE 
Test Model Description Max. sy 
Average 
No. (psi) (psi) 
Plaster Material 
Plane Stress 
1. Unlined 675 536 
397 
2. Low-modulus lined 565 586 
607 
3. High-modulus lined 754 610 
466 
Plane Strain 
4. Unlined 420 498 
576 
5. Low-modulus lined 796 853 
911 
6. High-modulus lined 670 722 
775 
Portland Cement Material 
7. Unlined, Plane Stress 3150 3402 
3654 
8. Unlined, Plane Strain 3045* 7 
3360 
* Load was not increased further since top loading plate 
began deforming excessively. 
the variation in the direct tensile strength values from 50.3 to 154 
psi with the average being 86.5 psi. 
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The average applied stress at failure for all of the plaster models 
was 577 psi in plane stress and 691 psi in plane strain. These values 
were greater than the uniaxial compressive strength of the plaster 
material, 474 psi. The lateral confinement in both one and two directions 
increased the overall strength of models. 
As reported by Obert and Duvall (Ref. 4), Hiramatsu and Oka 
(Ref. 10) found that the tensile failure agreed with the flexural 
strength of rock in uniaxial tests on marble and sandstone models 
of similar geometry. Strains were not measured in their experiments. 
In the research on rock models performed by Singh (Ref. 11), the 
strains were measured on the surface of the model with resistance 
strain gages and photoelastic coatings. Initial failure occurred at 
the top of the opening in the limestone in a manner similar to that 
in this research. 
CHAPTER V 
SUMMARY AND CONCLUSIONS 
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The primary objective of this research was to determine the 
deformation and failure behavior of rock-like materials around model 
circular tunnels when they are subjected to static loads. A plaster 
material and a Portland cement material were employed to simulate 
homogeneous rock. The models contained both lined and unlined 
cavities and were loaded in both plane stress and plane strain. 
Tests on both the models and the mechanical property specimens 
showed a considerable range in the mechanical properties, particularly 
strength, although careful effort was made to obtain homogeneity and 
uniformity from batch to batch of the materials. In addition to the 
variation in material properties, the deviation from theoretical 
values might have been due to non-ideal and non-uniform loading of the 
model or to poor bonding of some strain gage elements. These 
imperfections were difficult to avoid and undoubtedly influenced the 
stress distribution and mode of failure in the models. 
The tensile strength of the plaster or Portland cement materials 
was the governing factor in the initial failure in most models. 
Complete or final failure was usually due to horizontal shear, usually 
above or below the opening. 
Tangential strain gages on the bottom surface of the cavity 
showed an approximately linear variation of tensile strain with load 
after the initial tensile failure. The magnitudes, however, were often 
two or three times the theoretical values. Although these experimental 
curves did not follow theoretical curves closely, they did show the 
local tensile failure occurred before the complete structural failure 
of the model. In the models with high-modulus liners, the tangential 
strain at the bottom of the opening should have been compressive, but 
tensile strains were recorded as in the other models. Tangential 
tensile strains were also measured within the medium at the other two 
points on the vertical axis. Elastic theory predicts compressive 
strains at these points. The magnitude of strain at the point far 
from the opening was greater than that near the opening. 
The load-strain curves measured at the three points on the 
horizontal axis followed the theoretical curves closely, except for 
a few gages. Some gages registered larger strains than predicted, 
especially on the cavity-wall. The large compressive strains (or 
stresses) at the cavity-wall did not cause visible failure in most 
cases and did not affect the structural failure of the model. 
The vertical displacements of the opening usually varied linearly 
with applied load, but the magnitudes were often two or three times 
the theoretical values, i.e., the opening was compressed vertically 
more than theory predicted. The cavity-wall displacement in the 
horizontal direction followed the theoretical curve closely during 
loading, but in a few cases the horizontal diameter increased more 
than predicted. These variations could be caused in part by less than 
ideal restraint in the horizontal direction since the lateral stress 
Sx has a strong influence on this measurement. The early tensile 
failure at the top and bottom of the cavity would also allow the 
52 
cavity more freedom to widen laterally before the complete failure of model. 
The following conclusions can be drawn from the comparisons of 
the experimental data with theoretical values: 
1) A satisfactory method has been developed for measurement of 
strains within the medium around an opening in laboratory size models 
composed of rock-like materials. 
2) The laboratory tests described are difficult to perform 
because of the many critical experimental details which can affect 
results. Particular attention must be given to obtain uniform model 
materials, accurately fabricated models, uniform loading conditions, 
and ideal restraint conditions. 
3) Early tensile failure in a model caused large deviations in 
the strains from the theoretical values at gage positions on the 
vertical axis. 
4) Stress concentration around the opening had little effect on 




This research was the attempt to measure strains and study the 
failure mechanisms around openings in rock-like materials with several 
variable parameters. Much time was spent developing two different 
simulated rock materials and to determine their mechanical properties. 
It is evident, therefore, that more testing and research with models 
of this general shape should be considered. The following is a list 
of recommendations for further research in this area. 
1. Changing the geometry of model, i.e., increase the thickness 
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from 2 in. to perhaps 4 in. A thicker model would decrease the tendency 
of the model to buckle and achieve more uniformity with regard to strength. 
2. Embedding strain gages with precast prisms only in the vertical 
and horizontal directions in order to decrease the weakening effect 
which the prisms introduce. 
3. Improve further the techniques for obtaining ideally uniform 
contact between the z-direction bearing plates and model. 
4. Run a few plane stress tests with strain gages attached on 
both surfaces of the model in the same position as the embedded strain 
gages to compare surface strains with internal strains. 
5. Introduce geologic discontinuities into the model, e.g., joints 
with different spacings and orientations. This is a challenging and 
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UNIAXIAL COMPRESSIVE STRENGTH 
OF MODEL MATERIALS 
c = ....L. 
A 
where C = Compressive strength (psi) 
F = Applied compressive load at failure (lb) 
A = Cross-sectional area of the specimen (in?) 
of Plaster Material (psi) 
611 675 695 577 670 477 326 544 485 452 
484 518 452 443 512 589 478 458 457 392 
410 452 498 342 412 425 415 452 437 452 
452 410 368 527 463 462 321 348 
Average value: 474 psi 
of Portland Cement Material (psi) 
5250 4280 4660 6540 6440 6240 6110 
6120 6220 5960 4800 4900 5400 5100 
Average value: 5552 j2Si 
Length to specimen diameter ratio = 2 








OF MODEL MATERIALS 
psi) 
1. 73 1. 74 1. 70 
1.60 1.63 1.56 
1.35 1.36 1.40 
1.53 1.54 1.39 
Average 
Portland Cement Material 





1.82 1. 74 





















. 2 94 
Average value: .217 






















Strength of Portland 
148 126 252 
281 270 287 
268 370 140 
248 312 224 
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Table A-3 
BRAZILIAN TENSILE STRENGTHS 
OF NODEL MATERIALS 
= Tensile strength (psi) 
= The load at failure (lb) 
= Diameter of specimen (in.) 
= Length of specimen (in.) 
Haterial (psi) 
50.7 83.5 49.1 75.4 45.0 4 7.4 
52.5 60.5 61.3 55.5 60.0 6).3 
70.0 60.5 75.0 66.5 54.8 44.0 
48.0 46.5 57.0 45.0 60.0 63.0 
51.0 46.5 42.7 
Average value: 57.6 psi 
Cement Nateria1 (psi) 
177 217 152 117 240 333 248 2 95 
293 409 272 397 374 213 139 304 
288 174 223 202 246 162 lOS 212 
223 233 286 204 





DIRECT TENSILE STRENGTHS 
OF MODEL MATERIALS 
where T = Tensile strength {psi) 
F = Tensile load at failure (lb) 
A = Cross-sectional area of specimen (in~) 
Strength of Plaster Material (psi) 
128.0 88.9 154.0 83.9 58.7 50.3 72.1 
75.5 83.9 75.5 80.5 
Average value: 86.5 psi 
Strength of Portland Cement Material (psi) 
67 74 72 106 84 121 74 105 82 118 
87 113 
Average value: 92 psi 
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Formula: 
R = 8FL 
ilD3 
Table A-5 
HODULUS OF RUPTURE DATA 
FOR MODEL MATERIALS 
where R = Flexural strength (psi) 
F = Applied compressive load at failure (lb) 
L = Length of specimen (in.) 
D = Diameter of specimen (in.) 
Flexural Strength of Plaster Material (psi) 
189 189 215 249 258 240 232 180 180 197 
189 223 215 232 
Average value: 213 psi 
Flexural Strength of Portland Cement Haterial 
489 553 441 357 310 523 459 452 406 529 
506 319 436 463 




TRIAXIAL CO~WRESSIVE STRENGTH DATA 
FOR MODEL ~~TERIALS 
Confining Axial Stress at Failure (psi) Average 
Pressure 
Plaster Material 
200 psi 944 887 907 837 893 psi 
400 psi 1282 1349 1465 1425 1380 psi 
600 psi 2349 2033 2349 2015 2186 psi 
800 psi 3309 3026 2993 3276 3151 psi 
1000 psi 3571 3771 3804 3787 3733 psi 
Portland Cement Material 
200 psi 3770 3487 3537 3598 psi 
400 psi 3766 3782 4763 4796 4277 psi 
600 psi 3994 4942 4078 4338 psi 
800 psi 6185 5852 6018 psi 
1000 psi 6763 6065 6198 6342 psi 
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Figure /.-2. Mohr's Failure Envelope for Portland Cement Nnterial. 
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APPENDIX B 
STRAIN READINGS FROM EHBEDDED GAGES 
APPENDIX B 
STRAIN READHlGS FROH EHBEDDED GAGES 
Tests \vere performed to verify that the embedment procedure did 
in fact result in accurate strain readings in the interior of the model. 
The verification was accomplished by casting 3/L~ in. precast 
prisms with strain gages attached within 2 in. diameter cylindrical 
compression specimens as shmvn in Figure B-1. The prisms \vere fixed 
so that the strain gages were located on the axis of symmetry of the 
cylinder. The prisms and the rest of the cylinder \vere made from the 
plaster material later used in the model. External resistance strain 
gages were then applied to opposite sides of the cylinder so that 
strain readings from the embedded r;age could be compared to those on 
the surface. 
Two types of resistance strain gages were used so thc:t their 
qualities could be compared. These were the Tokyo Sokki gar;es which 
were ultimately used in the models and No. EC9-143B-R2TS sa~es 
manufactured by Automation Industries. Both types of f.a?es ;~ave 
comparable results. 
Typical results for the Tokyo Sokki ga~es are shown in Table B-1. 
The average of the two outside gases compared with the inside ~ages 
even though the individual values of the t\-:o outside FB~;es differed 
considerably. The difference in strains on the outside gages might 
have been due in part to the inhomogeneity in the test specimen caused 
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COHPARISON OF STRAI~ READINGS 
FROH EHBEDDED AND EXTERNAL GAGES 
Load Outside Axia1(Compr. 10 in./in.) Inside 
(1b) Ch. 1 Ch. 2 Average Axial 
0 0 0 0 0 
50 12 16 14 12 
100 21 32 26.5 23 
150 30 47 38.5 33 
200 38 67 52.5 44 
250 44 83 63.5 56 
300 53 104 78.5 67 
400 72 144 108 90 
500 93 184 138.5 113 
600 118 226 172 137 
700 142 266 204 160 
500 104 206 155 170 
250 58 116 87 65 
0 6 16 11 9 
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APPENDIX C 
EXPERIMENTAL DATA AND THEORETICAL VALUES 
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Table C-1 
STRAIN & DISPLACEMENT DATA 
TEST NO. 1 
Model Material: Plaster-Sand 
Unlined Loading: Plane Stress 
Stress!2si2 Strain! LA in./in.) & Dis2Iacement*~ l.L in. 2 
Gage No. 1 ' sy sx 1 5 11 15 21 25 27* 29* 
Model 1 
0 0 0 0 0 0 0 0 0 0 
105 7 +10 -44 -38 +16 +173 -194 -708 +140 
210 25 +20 -121 -95 +27 +162 -420 -1416 +489 
315 45 +20 -206 -157 +37 +158 -642 -2053 +699 
420 68 +7 -299 -226 +44 +159 -910 -2761 +874 
525 99 -22 -423 -306 +50 +169 -1282 -3822 +979 
630 117 -44 -569 -384 +53 +190 -1835 -5167 +979 
675 Failure 
Model 2 
0 0 0 0 0 0 0 0 0 0 
105 9 +4 -108 -53 +5 +119 -308 -812 +105 
210 29 0 -216 -110 +6 +192 -674 -1695 +139 
315 50 -4 -342 -180 +9 +116 -1111 -2718 +244 
397 Failure 
* Displacement of cavity-wall 
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Table C-2 
STRAIN & DISPLACEMENT DATA 
TEST NO. 2 
Model Material: Plaster-Sand 
Liner Material: ~ in. thick, low-modulus Loading: Plane Stress 
Stress(psi) Strain~ Uin./in.~ & Displacement*~AA-in.~ 
I ) 
sy sx Gage No. 1 5 11 15 21 25 27* 29* 
·Hodel 3 
0 0 0 0 0 0 0 0 0 0 
105 2 +12 -81 -64 +18 +17 -94 -565 +279 
210 7 +48 -189 -138 +37 +94 -324 -1306 +697 
315 11 +36 -288 -219 +58 +202 -548 -2189 +1220 
420 27 +10 -388 -298 +40 +230 -816 -3883 +2964 
525 36 +6 -410 -366 +42 +120 -1558 -6531 +3138 
565 Failure 
Hodel 4 
0 0 0 0 0 0 0 0 0 0 
105 16 +6 -68 -58 +13 +101 +92 -35 +139 
210 38 +26 -157 -143 +33 +255 +90 -530 ? 
315 54 +33 -247 -225 +50 +348 -17 -1377 +209 
420 72 +67 -238 -328 +91 +270 -543 -3707 +70 
525 81 +73 -427 -390 +109 +400 -820 -4625 +349 
607 Failure 
*Displacement of cavity-wall. 
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Table C-3 
STRAIN & DISPLACEMENT DATA 
TEST NO. 3 
Model Material: Plaster-Sand 
Liner Material: ~ in. thick,high•modulus Loading: Plane Stress 
Stress~esi~ Strain{ u.in./in.~ & DisElacement* { l.& in.~ 
Gage No. I > sy sx 1 5 11 15 21 25 27* 29* 
Model 5 
0 0 0 0 0 0 0 0 0 0 
105 9 +8 -80 -33 +22 +77 -104 -565 +419 
210 27 +14 -148 -103 +36 +140 -246 -1200 +977 
315 27 +26 -218 -154 +59 +225 -443 -2010 +1570 
420 45 +20 -284 -212 +40 +278 -675 -3020 +2440 
525 63 +18 -340 -267 +50 +214 -907 -4030 +3070 
630 81 +10 -393 -334 +49 +200 -1152 -5080 +3770 
735 126 -34 -422 -418 -10 +158 -1458 -6350 +4360 
754 Failure 
Hodel 6 
0 0 0 0 0 0 0 0 0 0 
105 18 -50 -99 +6 +31 -31 -144 +213 
210 18 +7 -193 +24 +78 -94 -287 +497 
315 27 +31 -311 +42 +162 -217 -646 +1137 
420 43 +85 -544 +70 +329 -491 -1259 +2482 
466 Failure 
* Displacement of cavity-wall 
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Table C-4 
STRAIN & DISPLACEMENT DATA 
TEST NO. 4 
Hodel Material: Plaster-Sand 
Unlined Loading: Plane Strain 
Stress~Esi2 Strain~t.!: in./in.2 & DisElacement*CM· in.2 
Gage No. I ; 
sy sx Sz 1 5 11 15 21 25 27* 29* 
1'1ode1 7 
0 0 0 0 0 0 0 0 0 0 0 
105 7 0 -14 -214 -80 +18 +110 -580 -1130 0 
210 27 2 -84 -828 -270 -70 +296 -2846 -6213 n 
315 76 18 -llO -1318 -310 -125 +353 -1158 -11438 -802 
420 67 18 -120 -1428 -322 -132 +349 -1116 -12000 -976 
525 67 18 -121 -1450 -321 -132 +346 -1088 -12144 -976 
Strain did not change as Sy increased from 420 to 525. 
Model 8 
0 0 0 0 0 0 0 0 0 0 0 
105 0 0 +10 0 -10 0 +38 -90 -847 0 
210 18 2 +12 -24 -27 +8 +74 -284 -1765 -35 
315 22 2 +18 -70 -60 +23 +152 -605 -3001 +70 
420 45 4 +27 -157 -134 +37 +207 -974 -4060 +279 
525 67 4 +30 -322 -248 -45 +169 -1071 -6708 +767 
576 Failure 
* Displacements of cavity-wall 
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Table C-5 
STRAIN & DISPLACEMENT DATA 
TEST NO. 5 
Nodel Material: Plaster-Sand 
Liner Haterial: 1-2 in. thick, low-modulus Loading: Plane Strain 
Stress{Esi} Strain(!in./in.} & DisElacement*{»in.} 
I 
sy sx sz Gage No. 1 5 11 15 21 25 27* 29* 
Model 9 
0 0 0 0 0 0 0 0 0 0 0 
105 4 0 +12 -31 -30 +13 0 -370 -741 0 
210 13 4 +21 -57 -64 +23 +238 -493 -1942 +139 
315 18 9 +33 -86 -91 +33 +145 -632 -2648 +697 
420 27 9 +39 -134 -135 +42 +199 -782 -3848 +663 
525 31 14 +50 -174 -176 +47 +254 -980 -4554 +907 
630 38 14 +50 -223 -229 +47 +315 -1303 -6496 +1744 
735 67 14 +40 -321 -304 +53 +467 +2112 -9497 +3138 
796 Failure 
Hodel 10 
0 0 0 0 0 0 0 0 0 0 0 
105 4 5 0 -20 -28 +21 +12 -50 -353 -279 
210 13 7 +10 -86 -84 +30 -i-38 -163 -1165 -70 
315 18 11 +23 -173 -156 +43 +65 -300 -1871 -1-174 
420 27 5 +30 -317 -284 +46 +147 -448 -2683 -314 
525 36 7 +25 -400 -357 +56 +173 -608 -3319 -244 
630 45 11 +31 -487 -424 +64 +224 -780 -5084 -139 
735 54 11 +50 -610 -509 +73 +285 -992 -5119 0 
840 67 11 +33 -740 -619 +72 -:-356 -1308 -6355 -488 
911 Failure 
~" Displacements of cavi ty-wa 11 
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Table C-6 
STRAIN & DISPLACEMENT DATA 
TEST NO. 6 
Hodel Haterial: Plaster-Sand 
Liner Haterial: ~2 in. thick, high-modulus Loading: Plane Strain 




sy sx sz 1 5 11 15 21 25 27* 2 9">': 
Hodel 11 
0 0 0 0 0 0 0 0 0 0 
105 9 2 +16 -70 -54 +22 -80 +247 +209 
210 18 5 +30 -164 -117 +31 -300 -1130 +1046 
315 18 5 +46 -296 -206 -10 -557 -2471 +2197 
420 40 5 +34 -442 -317 -18 -830 -3594 +3487 
525 50 7 +40 -540 -420 -42 -1060 -5013 +4324 
630 68 11 +43 -642 -542 -98 -1277 -6143 +5370 
670 Failure 
Hodel 12 
0 0 0 0 0 0 0 0 0 0 0 
105 7 0 -12 -41 -35 +18 +17 +7 -114 +70 
210 16 5 +4 -88 -71 +35 -J-52 +5 -247 +lOLl-
315 25 7 +23 -143 -104 +50 +152 -40 -495 +314 
420 40 7 -:-40 -212 -148 +68 +356 -189 -1060 +700 
525 52 7 +53 -285 -189 +80 +743 -323 -1692 +1150 
630 63 7 +72 -4lL!- -260 +92 _;_ 1231 -520 -2405 +1811 
735 76 7 +74 -575 -237 +55 -:·1990 -858 -2545 +2960 
775 Failure 
* Displacements of cavity-wall 
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Table C-7 
STRAIN & DISPLACEMENT DATA 
TEST NO. 7 
Model Material: Portland cement - Sand 
Unlined Loading: Plane Stress 
Stress~esi2 Strain~ J,tin./in.2 & Disjzlacement*~ L.t in. 2 
Gage No. ' I sy sx 1 5 11 15 21 25 27* 29* 
Hodel 13 
0 0 0 0 0 0 0 0 0 0 
525 49 +667 -571 -163 +125 +168 -840 -4310 +1118 
1050 128 +823 -973 -274 +384 +235 -2137 -8470 +2720 
1575 194 +540 -1318 -267 +455 +322 -3750 -13410 +3940 
2100 270 +439 -1685 -378 +500 +400 -6000 -18030 +5090 
2625 382 +493 -1935 -505 +455 +459 -3742 -22250 +5930 
3150 Failure 
Model 14 
0 0 0 0 0 0 0 0 0 0 
525 63 +268 -950 -388 +217 +230 -845 -4350 +2160 
1050 144 +236 -1404 -767 +221 +232 -1940 -7900 +2980 
1575 194 +189 -1850 -1013 +228 +224 -3252 -10400 +4190 
2100 252 +182 -1992 -1351 +102 +222 -5080 -13800 +5340 
2625 351 +142 -2280 -1780 +62 +216 -1940 -18500 +6390 
3150 414 +116 -2616 -2234 +17 +212 -1542 -24750 +7320 
3654 Failure 
* Displacement of cavity-wall 
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Table C-8 
STRAIN & DISPLACEMENT DATA 
TEST NO. 8 
Hodel Material: Portland cement - Sand 
Unlined Loading: Plane Strain 
Stress{Esi2 Strain{~ in./in.2 & Diselacement*~ ~in. 2 
Sy Sx Sz Gage No. 1 5 11 15 21 25 27* 29* 
Model 15 
0 0 0 0 0 0 0 0 0 0 0 
525 36 0 +23 -208 +254 +34 -1052 -2503 +1448 
1050 81 0 +8 -409 +331 +23 -1915 -5006 +2295 
1575 157 16 -29 -570 +309 +53 -2700 -7294 +2472 
2100 270 27 -40 -785 +231 +67 -3617 -9654 +3002 
2625 351 32 -51 -1049 +245 +67 -5253 -12 943 +7663 
3045 463 32 -96 -1286 +310 +71 -7161 -17055 +8087 
Load was not increased further since top loading plate began deforming 
excessively. 
Model 16 
0 0 0 0 0 0 0 0 0 0 0 
525 22 0 +59 +33 +48 -1585 -2038 +565 
1050 72 50 +210 +108 +223 -2873 -4505 +1730 
1575 90 50 +830 +110 +231 -4270 -7616 +3108 
2100 207 50 +1086 +86 +234 -5060 -9511 +3531 
2625 315 50 +1110 +58 +250 -6180 -12157 +4096 
3150 436 50 +1362 -70 +266 -2714 -16590 +4591 
3360 Failure 
* Displacement of cavity-wall 
Table C-9 
THEORETICAL VALUES OF 
STRESS, STRAIN AND DISPLACEMENT 
FOR LOW-MODULUS MATERIAL 






























Gage Test No. 4 
No. Strain Stress 
1 
-13.4 -37.5 
5 -67.8 -123 
11 -58.8 -106 
15 -5.6 -32.7 
21 +9.4 +15.4 
25 -166 -272 
DisElacement 
27 -332 
29 +18.8 + 

























































































THEORETICAL VALUES OF 
STRESS, STRAIN AND DISPLACEMENT 
FOR HIGH-HODULUS MATERIAL 
Plane Stress 











10-6. ;· strain: 1n. 1n. 
stress: psi 
























GRAPHS OF LOADING-STRAIN CURVES 
AND 
DISPLACEMENTS OF CAVITY-~o/ALL 
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APPENDIX D(l) 
GRAPHS OF THE STRAINS ON VERTICAL AXIS 
Location of Gages 
.. 6-15 
• 0-- 1 
Symbol of Graphs 
e , • , A: Gages 21, 1 & 15, respectively, on odd numbered 
models. 






+200 -:-150 -:-100 -:so 0 -so -lOCl 
Tangential Strain on x Axis (fkin1in.) 
Figure D-1. Test No. 1 (Models 1 & 2. I 
Unlined,Plaster Material (Plane Stress)• 
32 
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-: 250 -: 200 _, 150 -: 100 
Tanp,ential Strain on x Axis (fkin/in.) 
Figure D-2. Test No. 2 (Models 3 & 4 ) 




















800 j. ·,: eo 
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700 / /v1 
• A • 
600 I I 
• A • 
500 / \ 
0 6 A • 
400 ~I ~0 A 6 o• 
300 ~0 \\\D 
200 ~~\"\~ 
100 e 0 A 0 
OL-______ ._ ______ ._ ______ ._ ______ ._ ____ ~~------._~ 
-o-250 -:·200 -:-151.1 -:-5 f) -51 
Tangential Strain on x !\xis ()"in/in.) 
Figure D-3. Test No. 3 (Models 5 & 6.) 








































-' 2f)O -: 150 . 11:~ .'\ 
Tanfential Strain on x Axis ().Lin./ in.) 
Figure D-4. Test No. 4 (Models 7 & 8.) 























I I eo At::. 
1:::. AD • 
700 \ \1\ 
"'0 1:::. - 0 
600 ~ \ \ 0 ~ 0 
500 ~ \ \~I 
• ~0 l:IJO 400 \ \ 
• o t::.•o 300 \\\\ 
• 0~0 20(} '\~ 
100 
0~------._------~------~------~------~------~~ 
.• 250 -: 20() .: 150 -'FlO ') 
Tan~·entinl Strain on x Axis (,v-- in/in.) 
Figure D-5. Test No. 5 (Models 9 & 10.) 
Low-modulus Liner Hodel (Plane Strain). 
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+200 _. 15!) -:100 -1)) 
Tanrential Strain on x Axis (?-in/in.) 
Figure D-6. Test No. 6 (Models 11 & 12) 






r 1 1 
•• 0 [J 6 .....,_ 
A\ II ·~ 2500 Cl) 0.. '-" :>... (/) 
..... 00 b. .. 
Ul 2000 X\ >fl Cl) <1J k .j..J (/) 
"1:) 
<1J . ... e leO ·~ 1500 
./ \ \f .-1 0.. 0.. < 1000 ... ~ \ ~ 
500 • [J~ ...... 
0 
-:-800 -:600 ->400 -: 200 0 -200 -400 
Tangential Strain on x Axis (;'in/in.) 
Figure D-7. Test No. 7 (Models 13 & 14.) 
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+1000 -: :300 -:-600 -:-t~oo +200 0 -200 
Tangential Strain on x /1xis (pin/in.) 
Figure D-8. Test No. 8 (Hodels 15 & 16.) 
Unlined,Portland Cement Material (Plane Strain). 
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APPENDIX 0(2) 
GRAPHS OF THE STRAINS ON HORIZONTAL AXIS 
Location of Gages 
Symbol of Graphs 
e, •, A: Gages 25, 5 & 11, respectively, on odd numbered models. 





























-200 -400 -600 -800 -1000 -1200 
Tangential Strain on y Axis (;Uin/in.) 
Figure D-9. Test No. 1 (Models 1 & 2.) 





























~00 t• • 
0 
~ 
-200 -400 -600 -800 -1000 -1200 
Tangential Strain on y Axis (~in/in.) 
Figure D-10. Test No. 2 (Models 3 & 4.) 



































0 -200 -400 -600 -800 -1000 -1200 
Tangential Strain on y Axis (;Vin/in.) 
Figure D-11. Test No. 3 (Models 5 & 6.) 
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0 -200 -400 -600 -BOO -1000 -1200 
Tangential Strain on y Axis (~in/in.) 
Figure D-12. Test No. 4 (Models 7 & 8.) 






















-200 -400 -600 -800 -1000 -1200 
Tangential Strain on y Axis (}'in/in.) 
Figure D-13. Test No. 5 (Models 9 & 10.) 
Low-modulus Liner Model (Plane Strain). 
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-200 -400 -600 -800 -1000 -1200 
Tangential Strain on y Axis (ftin/in.) 
Figure D-14. Test No. 6 (Models 11 & 12.) 






























• c. 0 2500 
I Ill 
• 6. • 0 • 2000 
I I~ I 
fjjo~ 0 1500 
1000 • 6. • 0 0 • 1/Y 
eo 
0~------~----~~----~------_.------~------~~ 0 -1000 -2000 -3000 -4000 -5000 -6000 
Tangential Strain on y Axis ( i~/in.) 
Figure D-15. Test No. 7 (Model 13 & 14.) 




































-1000 -2000 -3000 -4000 -5000 
Tangential Strnin on y txis (p ir\lin.) 
Figure D-16. Test No. 8 (Hodel 15 & 16.) 






GRAPHS OF DISPLACEMENTS OF CAVITY-WALL 
Location of Gages 
eo 
Symbol of Graphs 
. '.' 
0 '0' 
Gages 27 & 29, respectively, on odd numbered models • 


































• • 0 
\ ij 
• eo \ I 
-:4000 -:-2000 0 -2000 -4000 -6000 -8000 
Displacement of Cavity-wnll (f'in.) 
Figure D-17. Test No. 1 (Models 1 & 2.) 
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-:-4000 - ·2000 0 -2000 -4000 -6000 
Displacement of Cavity-wall (jLin.) 
Figure D-18. Test No. 2 (Nodels 3 & 4.) 
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200 0. • 0 \\ II 
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·c4000 -:-2000 0 -2000 -4000 -6000 
Displacement of Cavity-,.Jall (pin.) 
Figure D-19. Test No. 3 (Hodels 5 & 6.) 
































Cl • /0 \ 
0 0 
I I 
Cl • 0 • I I 
Ill 0 • I I 
0 -2000 -4000 -6000 -8000 -10000 -12r)OG 
Displacement of Cavity-tvall C)J- in.) 
Figure D-20. Test No. 4 (Models 7 & 8.) 
























•o v I oe 
0 0 • 
700 \ ! 
• 0 0 • 
600 \ I // 
• 0 0 • 500 
\ \ I I 
• 0 0 • 400 ~ II 
• 0 • 300 \ II 
•o 0 • 200 ~/ 
100 .:P• 
0 L---L-----~~----~------_.------~------~----~ 
+2000 0 -2()0(} -4000 -8\JOO -l~}i'·r) 
Displacement of Cavity-\oJall ( )-' iVI.) 
Figure D-21. Test No. 5 (Models 9 & 10.) 



























• 0 • 
600 \ \ I 
• 0 0 • 
500 \ \ I 
• 0 • 400 \ \ I I 
• 0 • 300 \ I I 
200 • 00 • \ Iff 
100 Ill 
() 
- 6000 -: 4000 -:2000 0 -2000 -4000 
Displacement of Ca.vity-wall (_,uin.) 
Figure D-22. Test No. 6 (Hodels 11 & 12.) 


























2500 \ / 
1::. 0 
2000 \ // 
01 0 • 
1500 \ j/ 
1000 Ill /~ \\ 
500 • 
0 
-:-8000 -: 4000 0 -4000 -8000 -12000 -16000 
Displacement of Cavity-wall (?in.) 
Figure D-23. Test No. 7 (Models 13 & 14.) 
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150D \ I \ 
1000 •c oe \\ I 
500 ao oe 
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-:-8000 -: l}OOO 0 -4000 -8000 
DisplAcement of Cevity-~>wll (_flin.) 
Figure D-24. Test No. 8 (Hodels 15 & 16.) 
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Figure E-8. Test No. 8 (Model 15 & 16.) 
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Model 15. 
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